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RESTRACT

This paper reports on aa experiment desiagned to
investiqgate the effect of structural and linguistic variatbles on
level of difficulty in solving arithmetic word groblems.
Identification ot such variables is intended to assist curriculum
writers in preparing exercises at a specified level of difficulty tor
students at various age levels, The study also considers the
variables under varying time conditions and seeks to devise a coding
system of the linguistic variables that would improve the accuracy of
a linear regression~model previously used in =imilar investdgations.
Details of the theory and methodology of the experiment are provided,
and the results are discussed. The signifi:ance of the structural and
lincuistic variables is noted, (VM)
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Three sections of a methods course for prospective elementary school
¢ .
teachers were given a set of word problem exercises under different time
.
condit’ons; 20 minutes; one hour; and one day. Structural variables, which
accounted for a significant amount of the observed variance in the error
rate in arithmetic word problems in Jerman's (1972) study using students
in Grades 4-9, .nere not consistent in entry in a stepwise regression nor
. did these variadles account for a significant amount of the total ‘variance. .
. [ 4 L]

Linguistic variables, however, which were used in Krushinski's (1973) study,

:  showed consistency in earky entry and accounted for a reasonable amount of
v ' L ) '
the variance in.the observed proportion correct. The time effect appeared,

however, to influence order of entry more for structural than linguistic
t .

. variables. - ' , . a




Structural and Linguistic Variables . ;
in Problem Solving
by

Max Jerman
Sanford Mirman
The Pennsylvania State University
Previous studies have attempted tc identify and define structural and
linguistic variables in word problem exercises which account for a large
amount of the observed variance in the proportion correct {Suppes, Loftus,
andlperman, 1969; Loftuys, 1970; Jerman and Rees, 1972; Jerman, 1972a;

Jerman, 1972; Krushinski, 1973). .
One of the goals of these studies is to identify and quantify.a small
set of independent gtructural variables which will pe;mit curriculum ;;itérs
to prepare exercises at a specffied level of difficulty for students at
various age levels., A primary task, in these studies is, therefore, to aevelcp
a robust set of variables,

4
One purpose of this study was to determine if a set of structural

variables which was found to account for a sT;nificant amount of the
variance in the observe’yproportion correct for word-problem exercises
solved byvstudentg in grades 4-9 (Jerman, 1972) would also account for

a significant améunt of the observed variance for a different set of word.-
problems solved by college-level students, '

A second purpose of this s;udy was to determine whether or not a
modification of the coding of thé linguistic variables used in the Krushinski
(1973) study Qould iqe:Pve5thg accuracy of the linear reéression model's

| ~—
prediction, “ . -

A third purpose of the study was to test the robushness of the

. . ,

variables under varying time conditions.

s . o



P 2
<
The six structura]'yaqﬁables given in'JeYﬁan (1972) and used in this
study are defined as foli@ys:‘ |
I. Conversion: A count of one vias assigned ié a coﬁversion of units
was re;uirgd to solve the prchlem, zero otherwise.,
Example - If it was necessary to change hours to seconds
A to solve the proplem, Conversion = I,
2. Recal: The sum of the followirg:
e .
a. One count for a formula to »e recalled and a count for each
step in the formula,
b. Gne count for each conversioun to be‘recalled and used,
One count f;f each fact from a previous problem to be recatlled
K ”f " and used. . |
Erample - If the formula A = 2(l+w) was required but
no conversions or facts from(previous problems were

. . needed, , C ' ,
y oo » A |
Recal = | (area formula) + 2 (addition and multiplication steps) + 0

’
~

(conversions) +0 (facts) = 3. . .
e : ) T |
3. -Length: The number of words in the problem. -

4. Operations 3 (OPER3):  The sum of the following:

4

- . .

a, The number of different operations®
b. Four times the number of occurrences of the operation\bf
division,

¢. Two times the number of occutfences of the operation 'of

multiplicat}on.‘
B d.  The number of occurrences of the operation of addition.
. ’ . .

Example - If the solution wa: of the form.

(

" [16x30)xh0] £ 3 + 1), - . -




o/

OPER3 = 3(3 different operations) +Ix4 {1 occurrence of division)
+ 2x2 (2 occurrences of muitiplication) + | (1 occurrencé’of
addition) = 12

5. HNOMC2: A count of 1 was assighed for each timﬁ a regrouping

&

occurred in each multiplication exerel e in the problemz.
' L

. .
Example - .38

25 NOMC2 = 3 ‘ b
T30 '
16

1

Regroupings = 1. 5x8 = L0 units = 0 units + b4 tens
2. 5x3 teps + 4 tens = 19 ten53= | hundred # 9 téﬁL
3. 2 tens x B = 16 tens = 1 hundred + 6 tens
6. Qu.tient (QUO): A count of | was given for each’digit in the quotient
if division was reqlired and zero ogherwiseB. . |
Example . | 22/_3%%%~ Qo = j
The 14 linguistic variables, given by Krushinski {1973) and derived
from Golub (1971), used in the study are defined 3s follows:

1. MNumber of words(nNWD): The g:mber of words in the broblémh.

2. Nunber of Sentences (NSEN): The number of sentences in the proolem,

3. Sentence Lcngth(SENLTH): The ratio of NWD to NSEN.

\ " ;
A whole number w;¥ given a count of 1,

' o
o}

-

2Regrouping in sum&\ng to obtain the product was not counted,

3If the quotient did not terminate after 2 decimal places, a count of 3 was
given for the decimal places (2 places and round off),

1.42
Examples - 7/ 9,94 QU0 ='3

.42 5
4 /7716 Quo = 4
A numeral was given a count equal to the number of words in the expression
of the numeral in words, Example - 1226 - one thousand two hu3dred twenty-six
(count = 5), ’
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5.

NER

T4,

Number of Main Clauses (£ .): The number of main clau;es in the
problem, | .
Number of Subordinate Clau. s (NSC)E. The number of subordinate
clayses in the problem, ‘. .
Number of Clauses (NC): The sum of NMC and.NSC.
Number- of Words in the Main Clauses {WOMC ) :
The number of w~ds in the main clauses (identified by NMC) in
the problem,

.
Number of Worss in the Subordipate Cﬁagses (WOSC): The number of
words {n the subordinate clauses .... ‘ifie& by NSC) in the problem.
Clause Length (CLTH): The ratio of NwD io NC .,
Main Clause Leﬁg}h (MCLTH): The ratio c* - 'C to NMC.

Subordinate Clause Length (SCLTH): The ratio of WDSC to NSC.

22 .
Number of Prorositional Phrases (NPP): The number of propositional
{ .

phrases in the problem,
! '

Humber gi Words iﬂ_the Question Sentence (NWGS): The number of

)

words in.the gquestion sentence.

Numerals in the Ques:ion Sentence (NUMQS)}: Assigned a value of one
r in : .

if the question sentence contained a numeral and a value of zero

otherwise.

¢
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~ - Methods ©
Subieéts ~ _ . .

Seventy six prospectuve elementary school teachers enrolled at
Pennsylvania State University |n three sectlgns of Elementary Education 326,
Teaching Elementary Schoolf‘rgthmet!c, participated in the study. Mpst
had taken Pn%y algebra and éeoﬁetff“Tn high school end a.prerequisite course,
Mathematics 200-Number Systemé, at ﬁeqnsylvanja State University. Section;
1,11, and (Il had 29, 27, and 20 stude s‘enrolled.respectively. StudentS'
registered for the FOurse according_to how it woeld'fit into thein scHe?ule.
Schedu]inéAwas done by a cowputer.
Pro;fem Set

The Mathematics Aptitude Test (MAT-R2), published by the Educational
Testing Service, was the problem set used in the study. This set consiste
of word probléems requjring arithmetic o} very simple algebraic concépt?

~

only. The test, which contains two parts, each consisting of 15 items

¥

with @ time limit or 10 minutes per part, is suitable for students in

grades 11-16, . :
. ’ f .
B U-gThe probtems without answer choices were mimeographed, five to a page, °
with work'space provided for each problem, tach lab instructor administ;red
. _
the problem set at a time convenient to the schedule of his class. The!
test was administered to sections | and |1l in the middle of April, 1972, and
to Section Il at the beginning of May, 1972. Students in Section | had.

20 minutes during a lab session to ccmplete the exerciseé, students in

Section |1"had | hour during a lab period to cekglete the problems, and
. . [ ] )

students in Section Il were allowed one day to dé‘fhe problems at thome.
Students in Section Il were asked not to collaborate or seek help:in
, - doing the exercises. L - v ' ' .
\‘ ! " .




The authors scored each problem for each student as either correct

) . -
(correct answer),” incorrect -(an attempt of som@ kind was made but there

v
LY

"
was not a correct answer given) or omit (no attempt was: made in solving the

~

, ™
problem}. Problems which were omitted were not included in the analysis.

The MAT-RZ rest was coded first for tbe above set of six structural
L

variables and then for the above set of 14 linguistic variables.,

A stepwiée linear fegressioq program, BMDO2R (UCLA), which was
modified to include a log-transfﬁ;m;and an antilo§ tfaﬁsform to pro&uce
proHabiligies betweenua and I,.was abplieﬁ to the: MAT-R2 ;est& The
regression program was applied for the set of six structural variables
alone, the set of 14 linguistic variables alone, and the set of 20
conbined variables to e;ch of the three sections and té the thrge sectiq:i,
combined into a single group. In addition,.Sn {fem analysis program, |

ITEMPGM! (Stanford), and an analysis of variance program, ANOVR (Pennsylvania
State University) .were applied to the MAT-R2 test, '
-

: - Results

. -~ '

The mean total score on the test was' 13,00, with a standard_deviation

"
of 4,945, Cronbach's alpha was .824, with error of measurement 2.074. The

range of scores was 24, from a low of.zegﬂ.forrect to a high‘of 24 correct,

» The means and standard devi tigﬂ% for each of the three sections, .

using for each student both the observed proporbﬁon correct of the 30 (w
. - N -~ [ . > .

problems, disregarding omits, 21d the number of cotrrect respohsés, are given

in Table |}, . . ’




A summary -of tht one-way analysis of variance proceduub, using hoth
the observed proportton'correct and the number of correct responses is

-~ given in Table °, _ ’

) {
The calculated Fof h.ZOQ,obteined by using the observed proportion

cbrrect, was significant at the ,05 ie\el: Using the number of correct
responses produced a calculétéd f of 20.243 wﬁich was ;Eghificaqt at the
.QOI level, Hence, the sample data do not ;upport in either application
of the. analys:s of varuance, the hypothesns that the thrée populatnon means

were equal, it seems clear, from the data in Table |, that tnere was a-

dio’tt relationship between time allowed students to solve the problems

(u\
and the number of correct solutions per studemt. The mean of the humber

of correct responses for students in section I|I, the one day section, was

. almost BO percent greater than the mean of the number of correct responses

. . ‘ 1 1
for students in section |, the 20 minute section, The number of correct /.

-

responses gives a better indication of the time effect on difficulty-level

than does the observed proportion correct since the latter digegards

omits, thus not gigipg a clear indicatio& of problem difficul if a large
. |

-

number of people omit the problem,
The order of entry of the variables, R, and R2 for each of the first
. six steps in the. rqgressuon for each of. the three sections and for the

three-sectnons combined are given in TaEIes 3,4, and 5 for the six

y

structural, 14 llngusstlc, and 20 combunég varlables, reSpeeilvely. In

addition, R and R%/for_thg-last step are also given, b
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and third variables were interchanged,

~
-

@

As shown in Table 3, for the three sections combined, 86 L PCLR

-

with Ré = .41, Thus these six sq;uStural variables accounted for only
A - \

. \
4}  percent of the variance in the observed proportion of correct responses.

3

The order of entry of. the variables in section |, the section with a
28 mioute time limit, was decidedly different from that of sections Il and

»
11, However, the orders of entry of the first five variables that entered

the regression for sections || and 11l were identical except that -#he second

The regression coerficients, standard errors of regression coefficients¢

and computed t-values for each of the three sections and for the i;re!\
- .

regression, were almost never significant for any group tested.

-

sections combined are presented in Tables 6,7, and 8 for the six structural,

: T
14 linguistjc, and 20 combined variables, respectively,

.
N

Insert Tables 6,7, add'S About Here

------------------ P kL L L TV R ey
A > .
4

As indicated in Table 6, the structural-variables, which en:é%ed the
]

o

The first six variables which entered the linguistic regression analvsis

v

for the three sections combined, as shown in Table‘k, were NC;‘NUHQSf’ o

CYTH, NPP, NSEM, and WDSC.- The multiple R at step six was .79, with. ®

'proportion correct was accounted for by these six variab

that three variables NSEN, NUMQS, .and NC entered i

~

7

6" .63, indicating that 63 per ;ént of the vari?ggg_in the obs€rved

is interesting

the first six steps

in each . the three sections. Especially noteworthy is that in addition
#

to these three variables, CLTH and NPP entered in the first six steps in .

both sections | and |1}, Henc

.«

, the five variables, NSEM, NUMQS, 'C, CLTH,

il

and NPP entcred in the first ¥_ steps in both section |, the 20 mihute

J



AN
“ s

’

section and section 111, the one day section. ) ,
As indicated in Table 7, the first four variables which entered the

regression forjthe three sections combired were significant., Although the
. \

six variables lhich-€:?;?ed the .regression in sectiqn | anc the first
Y . . N
four which entered in section i1l were significant, none of the first six

variables were significant for section 11, .the one hour section.

Especially significant is that the multiple R at step six for section
: ) ~
11!, the one day section, was R = .86, with Rg = 74y The multiple R air
. e ' ..
z 2 .
L = .Qé N)th RL = 91,

In the 20 variable combined analysis, as shown in Table 5, two of the
. ]

the last step was R

P

first five variables which entered the regression for the tnree sections

,combiisg/yere structura!'variébles; GPER3, the operafioas variable, and

QUO, the division variable, The remaining foun variab{gs which entered

in the first six steps were the Vinguistic variables NC, NUMQS, NPP,

and MCLTH. The regression produced R6 = 83, RZ = ,67.and R = .96,
-~

L
A
with-Rf = 8, Of these six variables, as is shown in Table 8, the s:gnifi-

cant variables were three linguistic variables, MCLTH, NPP, and NC, and the

»
‘

structural variable OPER3. CLfH and NC entered in the first six steps for

L4 v

each of the three, sections, with HC entering first in both sec%ions 11 and

111, These twg,variables were significant each time they occtirred except
4

that CLTH was not a significant "variable for sectior (i, Zero, two, and
one structural variables entered the stepwise regression for sectiong/l, il,
and 111, respectively,

Interestingly, of the first six variables to enter the regre$sion

"analysis, four linguistic variables, NUMQS, NG, CLTH, and NPP entered in

both section |, the 20 minute section and section III,ﬁthe one day section,’

-

in addition, the regression analysis produced for section 11l a multiple R

2

of .86 at step 6, with R = 75, ' | . - . . A

~ oL . . '



Discussion ' .
There was a substantial time effect with respest to the “mean number

of correct responses for the three sections. This effect, howeve-, sgemed
. ’ . .

to be different for the structural and linguistic variables.

There was almost no corsiscency in the brder of entry of the six

structural variables in section |, the 20-minute section, and section !'!!{,

_the one ‘day scction, In fact, OPER 3, ﬁpfch entered first in the regression
for sectign |, entered last for section (Il and QQO which entered last
in section | entereu second in section Il
Linguistic variables, however, were consistent with respect to early

- entry in the regression analysis for sections | an¢ 111, Of the foyrteen
. .

linguistic variables used, five variables, LUMQS, NPP, CLTH, NC, and NSEN

entered in thre first six steps for, both sections. |In addition, these

five variables e’!ered in the first five steps in the linguistic regression
for the three sections cbmbined:\-FOur of these five variables, NﬁMQS,-NPP,
CLTH, and'ﬁt wgré signifizant variables for section I, section ILI,

©  and :;e three-dections combined. No structural variables, however, were

ot
significant variables for any of these groups-im the structural regression

\

. - .
analysis. Three linguistic variables, NSEN, NC,.and NUMQS entered in the

first six steps fcr each of the three sections. Very pbssibiy the time

- P v * - -
effect’is not as important yi'th linguistic variables as it is with structural

variables,
v .

- Therf*;as a significant &ifferenée in the amount of;vafiance accounted
for at step six in the structural and linguistic analysis. DisapPointingly;-
the %egrqssion, for tﬁelthrée sections combingd, using the six stru;tural
. variables; produced Bg = U1, thus accounting for, at ste5'6‘ only bllperCent

-of .the total yariahce in the observed proportion correct, The ma%imum value -

/ . hd L




11

! %
'

obtained for Ré in any structural regression was'.h7, which occurred. for
section i1l, Hence, even with a full day time limit, the six structural

variables alone accounted for only 47 percent of the variance in the observed
‘prOpprtion correct. ‘ - . e oL
In the study by Jerman (1972) of students in grades &9, the first."

. . } . A
three variables which entered the stepwise regression, JPER3, Length, '

- -

and NOMC2, produced R; = .47, thus.accounting for 47 percent of the total
.', ;— 7 B . ' N Fi

variance in just three steps. Possibly, structural vatiables are not as
good bredic'tors of difficulty leveﬂrf’arithmetic word problems. for pro-

spective teachers as for elementary or junior high'scthJ childredv

The ljﬁguistic variables acgounted for a greater amount of the total
variance than did the structural variables, The nultiple R at step six for
sectiOn'lIl, the one day section, for which the time effect was insignificant,

was .86 with Bz = .75. This is a reasonably highmﬁerceﬁt of variance
) - 5

accounted for at step-six and ig much larger than ther’R2 produced'at step six

’

in any megression analysis using the six structural variables alone.

Pe?haps linguistic yériables are better predictors, than structural variables
- . x
. . . 1
in arithmetic word problems for the population in gquestion,

An analysis of the 20 combined variables also indichtéS_LQe possible

impértance-of-the linguistic variables. Althoughnzwa“st[gctufél vdriables,

>
; . U \\ g
OPER3 and QUO, entered the regression in the first six steps for fhe\ghsge

N T
sections combineds only OPER3 was significant whereas three of the

lingufstic variables whiER“;Hiéred’in the first six steps, MCLTH, MPP, and
s .
NC were significant., Only two structural variables, NOMC2, which was
. /aibnificant the one time it .occurred, and QUO, which was not significant,

entered in the first six steps for any of thq'three'sections in the combined
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20 variable analysis. |In fact, only zero, two, and one structural variables

entered the regression in the first six steps for sections I, i1, and t11,
'y f‘ - L4 .

respectively, Two linguistic vari?bles, however, NC and CLTH, entered

in the first six steps for each of the three sections. In addition,
. ’ %a

although there was no structural variable which entered the redression

analysis, for the_20 combined variables, in the first six steps for both
sections I'and 111, four Iinguistic‘;ariables, NUMGQS, NC, CLTH, and PP,
did,

Perhaps the impgortance of the linQQisti; variables may best be seen
by ohservation of the results of the ZOJzomb}ned variabl;s for-section |11,
Ehe one day section, QU0 was the only structural varia?le amoﬁg Fhe first
six.variables which enterei the regression.f Although QUQ.was 1ot significant,
the five linguistic variabfes whicH’entered in the first six steés were all

significant at the .005 level, except NWDQS, which was significant at

the ,025 level,

-

-~

This study should be looked upon only as investigatory 'in nature.
Future studies must be better controlled with respect to uniformity in
administra?ﬁﬁﬁ“&{heloblem sets, a greater ratio of problems to variables
shoyld be included if at all practical, the order of problems shoﬁld be
raddom|y assigned to students in order to minimi}e the interaction effect
of problem order and difficulty level, and poésiblf} if enough time-is;given
so that students‘havg ample opportunity to try each problem, the observed
proportion correct could be redefined to be-the ratio of correct responses
to total number of students so that om%tting a problem would reflect not
being able to do it and not simply the lack of sufficient time to attempt

the problem.




The results of this study are encburaging but not satisfactory. The
percent of variance accounted for at step sixf in any regression, was not
sufficiently large. In addition, there obviously is a great deal éf depen-
dency between the variables, especially the linguistic variables. Hence,

a refinement and further development of‘tﬁése variables is needed. A
basic objective for future study is to produce a set of fiwe or six
independent variables which account'for a significant amount of the

variance in the difficulty level of the arithmetic word-problems and

which possess the following characteristics:
‘ 1. Each variable permits unambiguous, unique, gquantitative coding.
2. Each variable permits easy coding; i.e.%\it will not be difficult

- .
fo?*Sﬂ*qqfrained person to apply the definition of the varisble

to the cq)ing of problems. 3

p

/

™, F N . . . . .
3. EBach variable is comprehensive in its applicability to elementary

arithmetic word-prdbiems..
L., There is a direct,although not necessarily linear, relationship
bétween the numerical value of the variable and the difficulty

level of the problem.

Given that such a set of variables could be cohstructed, then problems

e
with a specified difficulty level could be written so that curriculum

-

developers and teachers would be in a much better position to control the

difficulty level of arithmetic word problems Qﬁéﬁ\preparing instructional

\ /
4
J

) materials.
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TABLE 1

A3

Means and Standard Deviaticns for Each Section
Psing Observed Proportion Correct
N ' and Number of Correct Responses

for Each Student

% Observed,Proportion-Correct t Number of Correct Responses
ection ‘)'(' S . ;’ S
' J
| 546 .1999 10,207 L.126
no 654 L1405 13,148 4,148
V 1
i .662 . 1291 17.9590 b.334
i
-

-
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